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PANEITZ OPERATOR FOR METRICS NEAR 


FENGBO HANG AND PAUL C. YANG 


Abstract. We derive the first and second variation formula for the Green’s 
function pole’s value of Paneitz operator on the standard three sphere. In 
particular it is shown that the first variation vanishes and the second variation 
is nonpositively definite. Moreover, the second variation vanishes only at the 
direction of conformal deformation. We also introduce a new invariant of the 
Paneitz operator and illustrate its close relation with the second eigenvalue 
and Sobolev inequality of Paneitz operator. 


1. Introduction 

The fourth order Q curvature equation (lEllP]) has attracted interest due to 
the successful study in dimension four and its application to conformal geometry 
in dimension four I jCGYj l. We are interested to possibly extend this analysis to 
dimension three. The effort to understand Q curvature in dimension three motivates 
many intriguing and challenging problems. In this dimension, the functions in 
are actually ^Holder continuous, and hence the Green’s function has well defined 
value at its pole. The sign of this value turns out to be an important issue. For 
the standard sphere, the Green’s function is nonpositive everywhere but vanishes 
exactly at the pole. Our purpose in this article is to study this question for the 
conformal structures near the standard sphere. 

Recall on a three manifold, the Q curvature is given by 

Q = --AR-2\Rcf + ^R^, ( 1 . 1 ) 

and the fourth order Paneitz operator is defined as 

5 1 

Pip = + 4div (i?c (Vv?, Ci) e^) — - div {RVp) — (l-^) 

Here Rc is the Ricci curvature, R is the scalar curvature and 61 , 62,63 is a local 
orthonormal frame with respect to the metric. For any positive smooth function p, 
the operator satisfies 

Pp-^g^f = P^Pg {PV) ■ ( 1 - 3 ) 

As a consequence we know ker Pg = 0 4^ ker Pp-^g = 0 and under this assumption, 
the Green’s functions of P satisfy the transformation law 

Gp-^g {P, q) = P ip)~^ P ( 9 )“^ Gg {p, q ). (1.4) 

Let (M, g) be a smooth compact three dimensional Riemannian manifold, for 
w, w G C°^ (M), we write 

E{u,v) = / Pu-vdp, (1.5) 

Jm 

^AuAv — 4:Rc (Vit, Vv) + ^i?Vu • Vv — -Quv^ dp 
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and E {u) = E (m,u). Here fi is the measure associated with metric g. It is clear 
that E (it, v) makes sense for u,v G (M). 

The scaling invariant quantity g, (M)® Qdg satisfies 

^ Qp-^gd^p-ig = ~2£'g (p) ||p ||Lfi(M,g) ' 

Hence 

supp(M)^ / Qdg = 

ge [g] J M 


Here \g\ is the conformal class of metrics associated with g. As in |HY 1) . we write 

/4 (u) = £1(11) (1.6) 


—2 inf £’(p)||p 
peC“,p>o " 

—2 inf E (u) IIm 
u£H^(M),u>0 " 


LO 

- 1||2 


Ils ■ 


and 


5^4 (g) = 


inf E (u) 

uGH^{M),u>0 



2 

LB • 


(1.7) 


From above discussion we see I 4 (g) = Y 4 (g) for g G [ 5 ]. 

The question of whether I 4 (g) is finite and achieved by some particular metrics 
was considered in |HY1[ lYZ] . This inequality is analytically different from the one 
of Yamabe invariant Y ( 5 ) (see m) due to the negative power involved. 

EYI] shows that when ker P = 0, the value of the Green’s function at pole plays 
a crucial role. In particular based on explicit calculation of this value on Berger’s 
sphere, we were able to show Yj (g) is achieved on all Berger spheres. In general 
such an explicit formula is not available. On the other hand, properties of Paneitz 
operator on the standard three sphere are well understood. 

On standard 5'^, we have 


Pu = A^u + -Au — 


15 

16^ 


( 1 . 8 ) 


Let N be the north pole, : S^\ {A^} —>■ be the stereographic projection, using 

X = TVM as the coordinates, the Green’s function of P with pole at N is given by 


Gn 


1 1 



(1.9) 


In particular Gn (Af) = 0. 


Proposition 1.1. Let g be the standard metric on , then for any p G and 
any smooth symmetric ( 0 , 2 ) tensor h, 

^t\t=o Gg+th (PtP) = 0 . 

Here Gg+th is the Green’s function of the Paneitz operator Pg+th ■ 


This calculation leads one to ask about the second variation. We have 


Theorem 1.1. Using the stereographic projection ttn as the coordinate, the stan¬ 
dard metric g on is written as 


a = 



= r \dx \^, 


( 1 . 10 ) 
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here 



For any smooth symmetric (0, 2) tensor h, denote 

9 = r'^h, 

then we have 


( 1 . 11 ) 

( 1 . 12 ) 


d^l^,Gg+tH{N,N) (1.13) 

~ ~ 64?!^ J 3 ' {^ikjk + 9jkik ~ ~ ~ 2 ~ ^^F0) ^ dx. 

Here the derivatives 9ikjk etc are taken with respect to the standard metric on 


Using formula (11.131) . we will show the second variation is always nonpositive 
and it vanishes only in the direction generated by conformal diffeomorphism. More 
precisely, 


Proposition 1.2. For any smooth symmetric (0,2) tensor h on and p € S^, 

dt\t=o^9+th{p,p) <0 (1-14) 

Moreover, Gg+th {p,p) = 0 */ and only if h = Lxg + f ■ g for some smooth 

vector fields X and smooth function f on . 

It is worth pointing out that in |HY2] , motivated from recent works [GMl IHR] 
for Q curvature in dimension five or higher and Proposition 11.11 and 11.21 above, it 
was shown that for smooth compact three manifold (M, g) with positive scalar and 
Q curvature, the Paneitz operator must have zero kernel and the Green’s function 
pole’s value is strictly negative except when (M, g) is conformal diffeomorphic to 
the standard . Further developments can be found in [HY3i lHY4] . 

The Sobolev inequality of Paneitz operator on was first verified in m- 
Different proofs were given in [Hi IHYl] . The new approach motivates the condition 
NN and condition P for a Paneitz operator (see [HYll section 5]). Here we will 
introduce a quantity for the Paneitz operator whose sign corresponds to condition 
NN and P. Let (M, g) be a smooth compact three dimensional Riemannian manifold 
without boundary. For any p G M, denote (recall functions in {M) are ^-Holder 
continuous) 

k'{M,g,p) = inf | J —: u G {M)\{0} ,u{p) = o|. (1.15) 

When no confusion could arise we denote it as v {g,p) or Up. We also write 

v{M,g) = miv{M,g,p) (1.16) 

p&M 

= inf I : u G (M) \ {0} ,u(jj) =0 for some p 

I Jm 

The importance of v {M, g) lies in that {M, g) satisfies condition P if and only 
if v{M,g) > 0 and it satisfies condition NN if and only if v{M,g) > 0. For 
the standard metric g on S^, v{^S^,g') = 0, in fact we have (see Example ESi 
V [S^,g,p) = 0 for all p G S^. 
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Theorem 1.2. Let g be the standard metric on , then for any p G and any 
smooth symmetric (0, 2) tensor h, 

dt\t=ot^{9 + th,p) = G ( 1 . 17 ) 

and 

9t\t=o^i9 + th,p) = -^Qdt\t=o^9+th{p,p) ■ ( 1 - 18 ) 

In particular, df | v {g + th,p) > 0 and it vanishes if and only if h = Lxg + f ■ g 
for some smooth vector fields X and smooth functions f on . 

Roughly speaking Theorem [T2] tells us for Riemannian metrics near the standard 
metric on S^, as long as it is not conformal diffeomorphic to the standard sphere, 
condition P is satisfied and hence Y 4 (g) is achieved by More related results 

can be found in [HY21IHY3) . 

In section [ 2 ] below we will introduce technique simplifying various calculations. 
In section [3] we will derive the first and second variation formulas and justify its 
nonpositivity. In section|4l we will study the quantity u (g) and its relations to I 4 (g) 
and the second eigenvalue of Paneitz operator. Some of the lengthy calculations 
are collected in the appendix to streamline the discussions. 

2. Some preparations 

Because the formula of Q curvature and Paneitz operator are relatively compli¬ 
cated, it is crucial to take advantage of the conformal covariant property to 
simplify the calculation of first and second variation of the Green’s function pole’s 
value. To achieve this we observe that the Paneitz operator gives us a sequence 
of fourth order conformal covariant operators. Indeed for smooth metric g and 
symmetric (0, 2) tensor h, we define the operator by the Taylor expansion 

00 

( 2 . 1 ) 

k^O 

Here ^ means for any m > 0, 

m 

fe=0 

as t —>■ 0 . 

Lemma 2.1. For any smooth function ip and positive smooth function p, 

P^%,,_.,^ = yp®(pv^). ( 2 . 2 ) 

This is the conformal covariant property of Pg f. Indeed for t near 0, 
Pp~‘^{g+th)P — P Pg+th ipp) — Pp-‘*g+tp-‘^hP-i 

hence 

OO OO 

E E (w) • 

k^O k^O 

Equation ()2.2p follows. 
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Careful calculation shows (see appendix) 


(2.3) 


= - A - i (2h^jy - (trh)^) {A(p)^ - {{2h^JJ - {trh)^) 

+2 (^ 2 hikjk — Ahij — {trh)-'j — SRcijhikPjk + 

5 5 

~7 ^tvh RCijhij^ ^ip ‘2RCij (^hikj hijk^ ~h 

4 o 

3 3 1 

+ - {hkiki - Atrh - Rckihki)^ p>^ - -hijRicpj + -A {hij^j - Atrh - Rajhij) (p 

Y 0 Rip* H“ RCij ^^hikjk A/l^j p 

23 

‘ZRCijRCikhjkP ^tvh RCijhij^ p. 

( 2 ) 

On the other hand the formula of is much more complicated, and we will not 


( 2 ) 

write it down here. Instead we observe that is a, fourth order operator in p 

and Pgk^ can be written down in a reasonable way. Indeed (see appendix) 

Qg-\-th 

— Q 4^ Air/i Rc-ijh^j^ ‘ZtRcij ^^hikjk A/i^j^ 

23i t t 

H 7 ^-^ ^tvh RCijhij^ “h "Z (ir/l)^) Ri ~hij Rij “h ^tRCij RCikhjk 

to o 4 


A A 

4 

4^2 


^A/i^j 4“ hikjk hikkj^ ^ij “t” ^ hij {hkiki /Stvh Rckihki) 


YgA^^ {hikj H“ hjki hijk) A {Qihijj 


ijk 


r r 

+ — ( 2 hijj (ir/z)^) {hkiki Atr/i Rckihki^^ 


' 2 


(2.4) 


^ ^ ^hikjk H“ hjkik {^^h)ij ^hij^ p 2t Rcijhkl {2,hikjl hklij hijkl) 

( \ 23t^ 

hjiki H“ hkiji {tvh^j^ ^hjkj {^'ijij ^tvh Rcijhij'j 

23^2 / V 

H ^ “h {tvh^^j hikjk hikkjj hij t RCij {hikl hkU hilk^ {hjkl “h hklj hjik^ 

23^2 _^ 

Pt Rcij {Q^hikj hijk) {‘^hkii (^^^)fc) “I ^ ^ ^ {hikj P hjki hijk^ 


ijk 


23^2 _^ ^2 ^2 

{2,hijj (tr/i)^) — {2hikk ^ijPj "3" hijk) hijRk 


64 




23i^ 


-“—ki.Rii - APRcijRc^kh^j^ - 2t^Rc^jRckihikhji + -jpR ' Rcijhfj + O P) . 


4 


Rg+th^ P^g+thi 


Because 
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we deduce that 


p( 2 )^ 

— ^trh -Rc/i;/Zi/j;/-f- hi]ijk h^kkj ] 


(2 


0 


16 i^klkl ^tvh RCklhfi^i'j^ -\- ^2^^^ {^ikj “t“ hjf^^ 

ijk 

—— {2hijj — {trh)^) + —A (^Rcijh^j) + — (jiikjk + hjkik — — ^hij 

i ij 

RCijh]^l (2hikjl hj^iij hijkl^ 2Rcijhif^ {^Jlkl “t“ hkljl (.^^^')jk ^hjk^ 

{^ijij ^tvh RCijhij'j 32^ ^A/i^j -t- (tc/l)— hikjk hikkjj hij 

+ 2 ^Cy {h,ki + - huk) {hjki + hkij - h,ik) - -Rc,j {2h,kj - Kjk) {2hku - {trh) 

23 _ 23 

{f^ikj + hjki — hijk) + TTT^fi(2^Gi ~ 


yfe 


h^jRij 2 (2/i2fcfc ^ijRj 2 (2^ifcj hijk) hijRk 

23 


+ 2 Rcij Rcikh jf. 


-\-RcijRckihif^hji 32 ^ ' ' 

In general, is not self adjoint, instead we have 


Lemma 2 . 2 . Por every ip,ip G C°°, 


/ Pg^hy^-^dn= [ ifP^g^lipdfj.-^ [ {Pip-il:-ipP^)trhdn. (2.6) 
Indeed this follows from the Taylor expansion in t for 

/ Pg+thV> ■ = / ipPg+th^d^g+t,^. 

J M J M 

To derive a variational formula for the Green’s function pole’s value we write 
Gg+th (p, q) = G ip, q) + tl {p, q, h) + fll (p, q,h) + 0 (C) . (2.7) 


Note that 




5tlt=o Gg+th (p,p) = I (p,p, h) 

( 2 . 8 ) 

and 




^t\t=o Gg+th (p,p) = 211 (p,p, h). 

(2.9) 


We can write / and II in terms of P^^l and Pj^^l- 

Lemma 2.3. For any smooth symmetric (0, 2) tensor h, let I and II be defined in 
1^.71 ), then 

I{p,q,h) = -f Pl^^lGg-Gpdp-l-G{p,q)trh{q), (2.10) 

Jm ’ 2 
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and 


II {p,p, h) 


( 2 . 11 ) 


/M 


• G, + P;;^Gp ■ 4 + ■ G,trh 1 dp 


3(1 


( 1 ), 




-\l {p,P,h)trh (p) - ^G{p,p) (trh(jp)f + ^G{jp,p)\h{jp)\^ . 

Here Gp (q) = G {p, q), Ip {q, h) = I {p, q, h). The integration should be understood 
in distribution sense. 

Proof. For any smooth function p we have 

T ip) ~ / Pg+thP ' Gg+th,pdpgj^i}^, 

Jm 

expand everything into power series of t, using 
dpg+th ~ 


^ trh 

i + -.t 


ML_hL)i2 + o(f=) 


dp, 


we see 

and 

0 = 


J • Pip + GpP^^lp + ^Gptrh ■ Pp^ dp = 0 


Pp ■ Up + P^g^lp ■ Ip + p'^Ip ■ Gp + ^Pp ■ Iptrh + ^Pg^lp ■ Gptrh 


JM L 

+ ^Pp.Gpitrhf-^Pp-Gp\hf 


dp. 


By approximation we know the same formula remains true for p S i^). Let 
p = Gq or Gp, we get the lemma. | 

3. First and second variation of Green’s function pole’s value 

Let N be the north pole on and ttjv : S^\ {A^} —>■ be the stereographic 

projection. Using x = ttn as the coordinate, we have the standard metric g on 
can be written as 

4 „ . „ 

(3.1) 


9 = 


- - 2 \dx\^ = r ^ \dx'^ , 


a;|^ + l 


here 


kr+ 1 


(3.2) 


By conformal invariance property m, the Green’s function of P with pole at N 
is given by 

Gn = - - , (3.3) 


V + 1 


More generally 


G{x,y) = - 


■-y\ 


1 \/|2/|V 1 


We are ready to compute the first variation of Green’s function pole value. 


(3.4) 
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Proposition 3.1. ForanypG and smooth symmetric (0,2) tensorh, I{p,p,h) = 

0 . 


Proposition II.11 follows from Proposition 13.II and 
Proof. By symmetry we can assume p = N. For convenience we write 

I{h) = I {N,N, h). 

Because we need to discuss various function’s behavior near we denote S as the 
south pole of S'^, ITS '■ S^\ —?> as the stereographic projection with respect to 

S. We can use y = tts as the coordinate. By Lemma lOl and the fact Gm {N) = 0, 

I (h) = — / Po^IGn ■ GnAp (in distribution sense). 

Let p G (7°“ (K^) such that p\g^ = 1, ® 0 < 77 < 1. For e > 0, we 

write p^ = p (I). By [HYll Lemma 2.2] p^Gn — ?> 0 in hence 

I{h) = - lim / Pl]l{{l-p,)GN)-GNdp 
e-*- 0 + Js^ 

= — P^rGn ■ G^dp (in pointwise product sense). 

JS3 

Note here we have used the dominated convergence theorem and the fact near N, 


Pg^G^ • Gn 


< c\y\' 


P^iiil-pJGN)-GN <c\y\- 


here c is independent of e. For convenience we denote 6 = r'^h. By Lemma |2.1l we 
have 


Hh) 


= — lim 


£^■ 0 + Js3\Be{N) 

lim 


P^IIGn ■ GNdp 


p!'}\,. Mx 


32772 

1 


lim / 

250772 
1 


A {Oijij — AtrO) dx 


„ lim 
256772 R^ca 






- AtrO). 


dS 


To understand the boundary term we use the following notation: let / be a smooth 
function defined outside a ball, we say / = 0 ^°°^ (kT) as |a;| —>■ 00 if for any 
m, (x) = O In particular hij = t = 0 (°°) (|a:|), 

hence Oij = (1) and 


(%,,-Atr 0 ), = O(-)(N-'), 


this implies / (h) = 0. 


It is worth pointing out that there are other ways to calculate I {N, N, h). For 
example one may do this by using the formula of on (see (|5.16|) L However 
the method in the above proof will be crucial for the calculation of second variation 
formula. 
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To continue we need the expression of / {N, q, h). 


Lemma 3.1. Let 0 = r'^h, under the stereographic projection with respect to N, 
we denote the coordinate of q as y, then 


I {N,q,h) 


(3.5) 



G{N,q) 


IS3 


2 ^^ hijijdfi 


GiN,q) 


IS3 


AGn H—tGat trhdu 
16 


--G{N,q)trh{N). 


Proof. Indeed it follows from Lemma 12.31 that 


I {N, q, h) 

= Hq,N,h) 

= - [ P^giGM-G,dy-l-G{N,q)trh{N) 

Js^ ^ 

= ■ (G, - G, (N)) dy-G (iV, q) Pj'^G^d/r - ^G {N, q) trh (TV). 


By Lemma [121 we have 


JS3 

= [ GNP^^l^dfj, - ^ / {PGn - Gn ■ PI) trhdp. 

Js^ ^ Js^ 

= I G„ (Ta ik.,.,) - A.«) d, +1 1 (ac„ + Ag„) 


trhdp. 


Itrh (TV). 














10 


FENGBO HANG AND PAUL C. YANG 


Using the fact Gq — Gq (N) vanishes at N, by the same method in the proof of 
Proposition 13.11 


/S3 
= lim 

e^ 0 + 


/ P^^lGN-iGq-GqiN))df, 

Js^ 

PqiGM-{Gq-Gq (N)) d^l 

-y\- \J\x? +1 




32tt^ R^ao 7|2,|<fl 


P\dx\'^, 0 ^ 


\/\y\^ +1 

256.U.. 


dx 


256^2 ^3 ^ 


M^ + 1 


\x-y\ 


\ 


xlVl 


xr + 1 


) 


Equation (13.51) follows. | 

Theorem 3.1. For any smooth symmetric (0,2) tensor h, denote 9 = r^h, then 
II{N,N,h) (3.6) 

1 


1287r2 


J^ I Y1 {^ikjk + Ojkik - {tr9)-- - AOij'j - ^ {Bijij - AtrOf j dx. 


Theorem 11.11 follows from Theorem 13.11 and (12.91) . 

Proof. By Lemma 1^751 

II{N,N,h) (3.7) 

= - /^3 • Gn + pI]IGn ■ In + \p‘'^iGN ■ G^trl^ dfi. 

First we note that because G^ {N) = 0, the same argument as in the proof of 
Proposition 13.11 shows 


/ P^^lGN-GNdyi 
Js^ 

[ Pl^G^-G^dfi 

Js3\bjn) 


= lim 
£->0 + 

1 


„ lim 

327r2 ii—>oo 

1 r 




1287r2 




1 


(239,jij - 19Atr9) [6km - AtrO) 


dx. 


dx. 
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Here we have used (12.5p . Next using In (N) = 0 we have 


/ Pg^h^N-lNdu = lim 

/fi3 e^o+ J 

1 


S^\B,{N) 
lim 


■ iNdu 


a ■ rlNdx. 


4ttV 2 J\a;\<R 


Since 


lim 


P, 


( 1 ) 


1 • rGNdx = 0, 


(see the proof of Proposition 13.II) . by Lemma l3H] we have 


[ Pq ■ dNdfl 
Jfi3 


P 


( 1 ) 


20487r3 7^3 


[ [dijzj - ^trO) (y) 
JR3 


- y\ 




\ \ 

dy 


dx 




Q, 3 [ dy (dijij i^y') f ^ {d^iki AtrO) (x) 

odTT-^ Jr3 Jr3 


163847r3 

= " 204^ L ~ 

Similarly for the third term in (13.71) we have 


\x-y\ 




dx 


[ l:PliGN ■ GNtrhdfi = ^ lim / P^^Gn ■ GNtrhdfi 

^^0 +Js3\b^{N) 


1 


lim 


647r2 R->ooy|^l<^ M^l 
1 


P.^la • trOdx 


5127r2 

1 


/ A {Oijij — AtrO) ■ trOdx 

Jr3 

/ AtrO ■ [Oijij — AtrO) dx. 
Jr3 


5127r2 

Sum up we get (1^ . I 

Next we will study sign of the second variation. For convenience we write 

II [h) = II [N, N, h). (3.8) 

First we observe that by conformal covariant property, for any smooth vector field 
X and function /, 

IIiLxg + fg) = 0. 

Indeed let be the flow generated by X, then for t near 0, 

Gii+tmtgiN,N) = [l + tfiN))^Gj,.g[N,N) 

= [l + tf[N))-^Gg[c^i[N),c^,[N)) = 0. 


(3.9) 
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Since 9t|(^Q ((1 + tf ) (j)lg) = Lxg + fg, (13.9p follows. In fact we can say a little 
more: let II {h,k) be the symmetric form associated with II {h), if 

9 = T^h, K = (3.10) 


then it follows from Theorem 13.II that 
II {h, k) 

1 


(3. 


1287r2 


J Yl {^aji + Hjui - (trK)^ - - Ak 


3 

“2 “ Atr9) {nuki - Atrn) 


dx. 


Lemma 3.2. Given smooth symmetric (0, 2) tensor h, vector field X and function 
f, we have 

II{h,Lxg + fg) = Q. (3.12) 

To achieve this we need the following technical fact: 

Lemma 3.3. If h is a smooth symmetric (0,2) tensor on S^, then there exists a 
smooth vector field X such that 

{h - Lxg) (N) = 0, D{h- Lxg) {N) = 0 

To derive this lemma, we start with the following linear algebra fact. 

Lemma 3.4. Denote 

'Pm = {homogeneous degree m polynomials on } . 

If for 1 < i, j < 3, Hij G Vi, Hij = Hji, then there exists unique Ai G P 2 such that 

diAj T djAi = Hij. 

Proof. Let 


A” = 


A 2 

A 3 


: Ai G P 2 


and 


y — ^ PiiHij — . 

Note dimT’ = dimj^ = 18. Let 


:X ^y-. 


Ai 

A 2 

A 3 




be given by Hij = diAj + djAi. We need to show f is a linear isomorphism. We 


only need to prove ker^ = 0. Indeed if 


kli 

A 2 

A 3 


G kerc/), then 


This implies 


diAj + djAi = 0 . 
XiXjdiAj + XiXjdjAi = 0 . 
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Since xAAj = 2Aj, we see XiAi = 0. Hence 

0 = dj {xiAi) = Aj + XidjAi = Aj — xAAj = —Aj. 
The lemma follows. | 


Now we will use Taylor expansion to prove Lemma 13.31 

Proof of Lemma \S.A By standard cut-off argument we see the conclusion is in fact 
a local statement. We choose a local coordinate near N, say yi,y2,J/3 such that 
Di (TV) = 0. Assume X = let a be the associated 1-form i.e. at = gijX^ , 

then we only need to find a with 

-j- Oiji h^j “t" O ^|y| ^ 

as ^ 0. In another way the equation is 

diUj + djUi - = % -H O . 

We will look for at = -|- here S Vi. We have the Taylor expansion of 

hij as hij = hij (0) -I- -1- O ■ So the equation becomes 

diaf^ + (0) (3.13) 

and 

- 2T% (0) «« = h!ff. (3.14) 

For (13.131) . we can simply choose (0) yk- Using Lemma 151^ we see (13.141) 

also has a solution. Lemma 15751 follows. | 


With Lemma 13.31 at hand, we can proceed to prove Lemma 13.21 


Proof of Lemma \S.A Note that 

/ = ( 1 ), % = ( 1 ), 

as \x\ —>■ 00. By (I3.10L 


II {hjg) 

~ 12871^ j ~ S" ^jkik ~ ~ ifij T A/ • Sij) 

+3 — I^trO) A/] dx. 


By integration by parts, we have 

I - (0^kjk + djkik - {tr0)^, - A6,j) fijdx = / + Atr0) Afdx 


and 


/ - (0tkjk + Ojkik - {tr0)^-- A0^j) Af ■ 6ijdx = [ {-20ij^j + 2Atr0) Afdx. 

Jr3 ^ ■> J 


Sum up we get II (h, fg) = 0. 

Next we will show II {h, Lxg) = 0. First we note that it follows from (13.91) that 
for any smooth vector fields X', X and smooth functions /', /, we have 


II {Lx’g + fg, Lxg + fg) = 0. 
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To continue we can assume h satisfies 

h{N)=0, Dh{N) = 0. 

Indeed given any smooth h, by Lemma 13.31 we can find a smooth vector field X' 
such that 

{h-Lx' 9 )iN) = 0, D{h-Lx'g){N)=Q. 

It follows that 

II {h, Lxg) = II{h- Lx'g, Lxg) ■ 

Under the additional assumption on h, we have 

as a: —?> oo. Here X = Xi-^. Let k = r^Lxg, then 

Kij — 4t Xt ' 6 ij “t“ Xij ~t“ ^ji' 

Hence 

Kikjk + Kjkik - {trK)^j - AKij = -4 {t~^Xt)^^ - 4A (t~^Xt) ■ dy 


and 


It implies 


Kijij — Atrn = 8 A (t ^Xt) . 


II {h, Lxg) 


I 

327r2 
+3 {9 



ijij 


{^ikjk 4 " 9jkik A9ij 

— Atr9) A {t~^XtY\ dx. 





Note that t ^Xt = (|a::|) and = o(“) ^|a:;| the same integration by 

parts argument as the beginning shows II {h,Lxg) = 0. | 


Proposition 3.2. For any smooth symmetric (0, 2) tensor h, II (/i) < 0. Moreover, 
II {h) = 0 if and only if h = Lxg + f-g for some smooth vector fields X and smooth 
functions f on . 

Proof. In view of Lemma [3.21 and 13.31 we can assume h (N) = 0 and Dh {N) = 0. 
Under such assumption we have 

dy=0(“)(N-^) 

as x —?► OO. In particular 9ij G (R^). Let 


(?) “ (?) 
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then Uij £ L? (K^). By Parseval relation we have 

j (^^kjk + Ojkik - - ^ {0ijij - Atref'^ dx 

f / _ 2l_ 1 _2l_ : 

= J ^ 1^1 + -^aijUki^i^j^k^i + -j^aij^^^^akk |?| + -^aij^i^jUkk ICT 




E' 


ler d^- 


We will show the integrand in nonnegative. Indeed, if we write 


A = 




then A is symmetric and the integrand is equal to 




• trA 1^1^ + • trA |e|" (3.15) 


--ItrAn^l^ + jAn^f. 

Assume ^ 0, then we may find an orthogonal matrix O such that 

l?l 

5 = 0 0 

0 


Denote 

B = O^AO, 

then B is symmetric and the integrand (13.151) is equal to 

^2 1^22 — &33|^ + 2 1623!^^ I5l"^ (3.16) 

and hence nonnegative. This implies II {h) < 0. 

If II (h) = 0, then we have 622 = ^33 and 623 = 0. this implies 

aij = aSij + + Pj^i, (3-17) 

here a and /3j depend on 5- To continue we recall the orthogonal decomposition 
[B1 pl30, lemma 4.57], 

S'^S^=A(BB. (3.18) 

Here 

= {0°° symmetric (0,2) tensors on S'^} , 

A = {Lxg + fg : X is a 0°° vector field, / is a 0°° function} , 

B = {k £ : trk = 0, kijj — 0} . 

To show h G A, we only need to prove h ± B. Indeed if fc G S, let k = r'^k = 
Kijdxidxj, then 

Kii = 0, = 0. (3.19) 

On the other hand we have 

% = 0(°“) (l^r^) , = 0(°“) (ixf®) . 


(3.20) 
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By Fourier transform we have 

= 0 , = 0 . 

Hence 



{h, k) d/i 




-6 


dx 


0,jT- 




[ {a6ij + + PjQ T ^Kijd^ 

Jr^ 

0 , 


(3.21) 


here we have used (|3.21l) in the last step. Hence h = Lxg + fg for some smooth 
vector field X and smooth function /. | 


4. A NEW INVARIANT FOR PANEITZ OPERATOR 


Let (M, g) be a smooth compact three dimensional Riemannian manifold. For 
any p G M, we set 

E{u) 


Vp = inf 


/m 


■.uGH^{M)\{Q},u{p)=Q) . 


(4.1) 


Vp is always finite and achieved. Indeed we let Ui G (M) such that Ui (p) = 0, 
ll'^^illLS = 1 and E {ui) —^ Up. In view of the fact 

E (ui) > Cl ||u*||^2(M) - C2 \\u^\\l 2 

for some positive constants ci and C2, we see ||Ri||^2(jvf) < c, independent of i. After 
passing to a subsequence we can assume Ui ^ u weakly in (Af). It follows that 
Ui ^ u uniformly and hence u(jj) = 0 and ||u||i^2 = 1- By lower semicontinuity we 
have 

E (u) < lim inf E (ui) = Vp. 

2—)-00 

Hence E (u) = Vp and u is a minimizer. 

Note u satisfies 

E {u, If) = Vp / updpL 

Jm 

for any p G (M) with p (p) = 0. For any ip G (Af), let p = ip — ip (p) we see 

E {u, Ip) = Vp / uipdp + aip (p). 

Jm 

Here a is a constant. In another word, we have 

Pu = VpU + a6p (4.2) 

in distribution sense and 


■u e iL^(M), ||u||^2 = l,u(p) =0. (4.3) 

Sometime to avoid confusion we write u = Up and a = Up. 

Example 4.1. Using [HYll Lemma 7.1 and Corollary 7.1], we see on standard 
vm = 0 and it is achieved on constant multiple of the Green’s function Gn- 
Calculation shows ||GAr||i^2 = hence um = AGm, o-n = 4. 
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Let 


v{M,g) = inf (4.4) 

p£M 

= inf I : u G (M) \ {0} , u vanishes somewherel . 

I Jm J 

We will write ly (g) when no confusion conld happen. Same argnment as before 
shows v {g) is finite and achieved. It is clear that condition P is satisfied if and only 
if V {g) > 0, condition NN is satisfied if and only if i/ {g) > 0. By Example 14.11 and 
symmetry, we see (S'^, 553 ) = 0 . 

Here we make some general discussion about i^p and v{g). For convenience we 
write v = V [g). Let 

•^1 ^ A2 < A3 < • • • 


be eigenvalues and be the associated orthonormal eigenfunctions of Paneitz op¬ 
erator P, then 

Ai < < A 2 , Ai < iz < A 2 . (4-5) 

Indeed, for given p G M, there exists ci,C 2 not all zeroes such that (p) + 
C2P2 (p) = 0 ) then 

E{ciip-^ +C 2 P 2 ) _ Aicj -f A2 c| 

^ ~ llci^Pl +€2^211^2 c\Pc\ 

The inequality of v follows. 

Assume u G {M), ||u ||^2 = 1 and u{p) = 0 for some p with E {u) = v i.e. u 
is a minimize! for the v problem, then 


Pu = vu + a5p. (4-6) 

If (0) > 1 i.e. u vanishes at two or more points, then 

Pu = lyu, Ai = ly. (4-7) 

Indeed assume u{pi) = 0 and u (^ 2 ) = 0 for pi ^ P 2 , then for ip G El^ with either 
p{pi) = 0 or p{jp 2 ) = 0 , 

E {u,p) = V / updpL. (4-8) 

Jm 

Hence ()4.8I) is valid for any p G H^. In another word Pu = vu. If Ai < v, then 
Ai < A 2 and pi does not vanish anywhere. Using 


/ = 0, 

Jm 


we see P 2 must change sign. Hence for e > 0 small 


E{epi+P2) 
lk<Pi +<P2lli2 


£^Ai -|- A 2 
-I-1 


< A 2 


A contradiction with the fact v is an eigenvalue. Hence v must be the first eigen¬ 
value. 

Now we can state the following interesting relation between condition NN and 
the sign of A 2 . 


Proposition 4.1. Assume the Yamabe invariant Y (g) > 0 and there exists a 
g G [g] such that Q > 0 and not identically zero, then the following statements are 
equivalent 
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(1) Y 4 (g) > - 00 . 

(2) A2 (P) > 0. 

(3) V {g) > 0 i.e. P satisfies condition NN. 


Proof. It follows from the assumption that Ai < 0. By |HY3[ Proposition 1.2] and 
(HH) we have kerP = 0 and Gp {p,q) < 0 for p ^ q. Here Gp is the Green’s 
function of the Paneitz operator. Let m > 1 be the natural number such that 
Am < 0 and Am+i > 0 i.e. Am is the largest negative eigenvalue. By applying the 
classical Krein-Rutman theorem to the operator 


Tf{p) = -[ Gp (p, q) f (g) dp. (q) 

J M 

we know Am must be simple and Pm can not touch zero (see |HY31 section 4]). 
Without losing of generality, we assume (Pm > 0- 

(1)=^(2); If A2 < 0, then m > 2 and the first eigenfunction must change sign. Let 


K = — mm 


y’l jp) 

(p) 


> 0 , 


then Pi + Kp.^ > 0 and it touches zero somewhere. On the other hand 
E {pi + np^) = Ai + < 0, hence 


Kl(p)< (pi+KPm+e)" 


L6 


E {pi + + £)-;► -00 


as £ 4, 0, a contradiction. 

(2)=>(3): Since A2 > 0, we get m = 1. Let u S (M) such that u touches zero 
somewhere, ||m ||^2 = 1 and E {u) = v. We claim '^u~^ (0) = 1. Indeed if 
(0) > 1, then by the discussion before Proposition l4.1l we know P (u) = 
vu and v = \i. Its eigenfunction u can not touch zero, a contradiction. 
The claim follows i.e. u touches 0 exactly once. Assume u (p) = 0 and 
M > 0 on M\ {p}, then 


P (u) = VU + aSp. 


Hence 


/ P (u) Gp^dp = v [ uGp^^ dp. 
JM Jm 


fM JM 

Here Gl is the Green’s function of the conformal Laplacian operator L = 
—8A + R. On the other hand it follows from |HY31 Proposition 2.1] that 

2 


/M 


P (u) Gp^^pdp = 


uG 


IM 


L,p 


RCq4 


L,p9 


Combine the two equalities above we get 


^/ ^Gfldp = / uGfl 
JM Jm 


Rcoi 


dp. 


dp. 


Hence v > 0. 

(3)=^(1): If E {u) = 0, u is not identically zero but u (p) = 0, then u = cGp (see 
[HYll section 5]). Hence Gp{p) = 0. It follows from |HY31 Proposition 
1.2] that {M,g) is conformal diffeomorphic to standard 5”^. In this case we 
know Yi (g) > —oo (see [HYll lYZj l. On the other hand if E (u) > 0 for 
any u € H^\ {0} and u touches zero somewhere, then the Paneitz operator 
satisfies condition P and Y4 (p) > —00 (see IHYI]). 
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Indeed the above proof gives us the following 

Corollary 4.1. Assume the Yamabe invariant Y (g) > 0, {M,g) is not conformal 
diffeomorphie to the standard and there exists agG [g] such that Q > 0 and not 
identically zero, then the following statements are equivalent 

( 1 ) Yi (g) > -oo. 

(2) A2 (P) > 0. 

(3) ly (g) > 0 i.e. P satisfies condition P. 


We remark that Proposition ld.ll nrovides another argument for the third conclu¬ 
sion of |HY2[ Theorem 1.1]. This approach does not need the connecting path to 
Berger’s sphere and |HY1[ Theorem 1.3]. 

Let g = g + th, for quantities in (14.21) and (14.31) we write 


u{g + th,p) = u {p) Y {p,h)t + {p,h)t^ + O {t^) , 

a{g + th,p) = a{p) + {p,h)t + {p,h)t^ + O {tA) , 

Up{g + th,q) = Up{q){q,h)t + u^^'> {q,h)A Y O if) . 

Hence Up^ {p, /i) = 0 for i = 1, 2. Note because 


(4.9) 

(4.10) 

(4.11) 


IM 


Updp = 1 , 


we have 


IM 


2up ■ u^p^ Y ^Uptrh ] dp = 0, 


and 


IM L 


2up ■ u^p'> Y 




■ Up^trh Y ^ul {trhf - |/j|- 




(4.12) 


dp = 0. (4.13) 


For any smooth function p, it follows from (14.2p that 

/ Up(P -Vp \ pdp = cxpip ip). 

Jm ^ ^ 


Hence 


.(1) 


y{v) 


(4.14) 


^ -Vp)yY ]^Up (P -Vp)p- trh^ dp 


u^p'> (P -iyp)(pY - 4^^) Y + Up [Pgp - Y (4-15) 

+ -^p)y- trh Y ^Up (pj’^ - Y ■ trh 


IM 

1 


-|--Up (P -Vp)Y- (trh) - -Up (P - Up)Y- |/i|" 

= alfV(p)- 


dp 


and 
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By approximation it is also true for y; G H'^ (M) too. Hence taking (p = Up, we get 


= / UpP^"’updn. 


(i)„ 


/M 


P-^ g,h 


(4.16) 


Similar arguments show 


,( 2 ) 


IM 


(4.17) 

'^pPg^h'^P^f^ ^ / '^P^g^h'^P ‘ j ul^rhclfl. 


IM 


fM 


Proposition 4.2. Let (S'^,g) be the standard sphere, then for any p G and 
smooth symmetric (0, 2) tensor h, we have 

uW {p,h) = 0, 


and 


jy(2) (p^h) = -16// (p,p,h). 


Theorem II.21 follows from Proposition l3.2l and l4.2l By symmetry we can assume 
p = N, then it follows from (14.161) that 


pW(lV,h) = f unP^' 

/S3 


^^luNdp 


= 16 


I S3 


GNP^llGNdp 


= 0 


by the proof of Proposition 13.II 
Next we note that (14.171) implies 


.(2) 


{N,h) 


(4.18) 


/ UNPj,'^luNdp+ [ i [ UnP^^Iun ■ trhdp. 

Js3 Js3 ^ Js3 


I S3 

To compute , we observe that (14.141) implies 

J (^UNPgpP + + ^unPp ■ trh^ dp = a^^^(p{N) 

for any ip G //^ (S'^). Take p = Up = 4Gp, we see 

/ UNPg^lupdp + 4u^^ (p) + 2 un (p) trh (p) = {N). 

Js3 

Since 

Up {N) = AGp (N) = AGn {p) = UN (p), 
it follows from Lemma E751 and (I4.19P that 


(4.19) 


Un^ (p) = (p) + ^a)^’uN (p) ■ 


.,( 1 ), 


(4.20) 


(TV, h) 

16 f GnPI, ^GNdfi + 16 f pj: ^Gn ■ iNdfj. + 8 f pj: ^Gn • GNtrhdfi 
Js3 Js3 Js3 

-16II{N, N, h). 


Hence 
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Here we have used G^Pg^lCNdu = 0 (which follows from the proof of Propo¬ 
sition I3HD and (IdJl) . Proposition 14.21 follows. 

5. Appendix: Taylor expansion formula for Q curvature of metrics 

DEPENDING ON A PARAMETER 

Assume on a smooth three dimensional Riemannian manifold we have g = g + th, 
then under a local orthonormal frame with respect to g, we have 


dij — gij + th 


ij ) 


and 


= dij — thij + + O {f) . 


Here is the tensor given by 




The measure associated with g is given by 


dg = 




Here 




o{t^) 


dg,. 


(5.1) 

(5.2) 


(5.3) 


The Christofel symbol satisfies 


■pfc -pfc 

-L ij -L ij 


(5.4) 


t 

= 2 i^ikj + hjki — hijk) — {hiaj hjoii hka + O . 


Note that the left hand side is a tensor. The Riemann curvature tensor satisfies 


R 


t 


ijk — ^ijk 2 ^jkli T ^klij h,jiki h^klj ^klji} 


(5.5) 


2 {,hiakj T hjkai T ^kctij ^jaki hj^kcuj ^kaji^ ^la 

T“ T ^ila^ i^^jak T ^kaj ^jka^ 

^ i^hicik T hkoii hika^ (^hj(yi T hictj hji(x) O ^ . 
In particular, the Ricci tensor is given by 

RCij 

— RCij “ 1 " 2 (j^ikjk hjkik ^hij^ 

^ {hikji T hjkii hkiji hijki) hki 


T ^ {^ikl T ^kli ^ilk) {^jkl T ^klj ^jlk) 

^ {hikj T hjki hijk^ {‘^hkii (ir/i)^) O (j^ ^ 


(5.6) 
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here the tensor Ah is given by 


The scalar curvature is given by 


R 


Aha = h 


ij — '^ijkk' 


(5.7) 


= R + t {hijij — Atrh — Rcijhij) 

~\~t hikjk hikkjj hij H — ^ ^ {hikj H“ ^ijk) 


ijk 


(trh)^) + t Rcijh^j + O (t ) . 


The Laplacian satisfies 
Aip 

= Vi - 


(5.8) 


^2 f 

+ — {2htkk - (trh)^) htjipj + — {2hikj - hijk) htj(pf, + + O {f) . 


As a consequence we have 


i?2 

= + 2tR {hijij — Atrh — Rcijhij) 

-\~t {hijij Atrh RCijhij{ T 2t R (^Ahij T {^^^^ij ^ikjk hikkj'^ hij 

H—^ ^ {hikj + hjkz - Kjkf - — ^ {2.hijj - {trh)^f + 2t^R ■ Rcijk 


(5.9) 


ijk 


+0 (t^) 


and 


Rc 


(5.10) 


— |-/?c| ~h tRCij RCii^hjf^ 

^ H“ hjj-ik (tvh^^j ^hijj i Rcijhf^i (^2^hif-ji hj^nj hijki) 

iJ 

2t Rcijhik {^jiki “1“ ^kiji 

i^ikl “1“ {hjkl “1“ hf^ij hjif^^ 

t‘2 

hijk^ i^hkll RC-ijRCip^hjf. “h t RCij RCf^jiHiJ^Hji 

+0 (t^) 
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and 


AR 

— AR tA ^^tvh Rcijh'ij'j “ (^‘2h'ijj ih^jR^ 


(5.11) 


~\-t A -t- hikjk hikkj'^ hij t hij (^hklkl Atvh RCklhkl)i 

j .2 ^2 

+—{hikj + hjki — hijk) —A i^hijj — (trh)^) 

ijk i 

-— {2h^jj - {trh)-) {hkiki - Atrh - Rckihki), + t^A (Rctjhfj) 

{‘^^ikk ~ hijRj + — {2hikj — hijk) hijRk + t^hfjRij + O . 


Recall 




(5.12) 


Plug in the formulas above we get 

Q 

— Q 4^ Rcijhij^ ‘2tRcij ^hij^ 

23t t t 

H 7^-^ ^tvh RCijhij^ ~h “ {2hijj Ri ~h ~7^ij ^ij RCikhjf^ 

iO O 4 


-ilA 

4 

16" 


/' \ 1 

^^hij -\- ^ikjk hikkjj hij -\- ~^hij (^hkiki ^tvh Rcf^ihf^i^^ 


(5.13) 


— Y^A^^ {hikj + hjki — hijk) + Yg^~ (^^^)i) 
ijk i 

“h— (2hijj (ir/i)^) {hkiki ^tvh Rckihj^i)^ 

, 2 

^ ^ H“ hjj-ik (j'^h^ij ^hijj -\- 2t Rcijhj^i (2hikji hf-nj hijf-i^ 

u 

/ \ 23t^ 

-\-At Rcijhif^ l^hjiki hi^iji -h (.hijij ^tvh Rcijhij'j 

23^2 / ^ 

H R l^^hij -\- (tvh^^j hif-jf- hikkj j hij t Rcij i^ha^i H- hi^n {hjj^i -h hj^ij hjij^^ 

+fRc^j {2hikj - h^jk) {2hku - (trh),,) + -—{hikj ~h hjki hijk) 


ijk 


^ j 2 £2 

R ^ ) {‘^hijj {tvh)j — {2hikk {^^h)j hijRj — {2hikj hijk) hijRk 


64 
f 


2 if 


-—h'fjRij - AfRcijRc^kh'^jk “ 2f Rc^jRckihikhji + —^R • Rcijhfj + O (t^) . 

Since the Paneitz operator can be written as 

5 3 1 

Pip = A^p + ARcijPij - zR^V + z^R ■ V(/? - -Qp, 


(5.14) 
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calculation shows 


(5,15) 


= -hij (A(/ 9 ) - A {Kjifij) - i {2h,jj - {trh)^) {A(p). - ^A [{2hijj - (trh)^) ip^] 

-\-2 ^2hif^jf^ Ahij 

5 5 

~7 i^^ijij Atvh RCijhij^ Ap 2RCij {2hif^j hijiz) Pf^ ~^R 

4 o 

3 3 1 

“h— Atvh Rcjfzhj}^^^ p^ -^hijRiPj Atvh Rcijhij^ * p 

Y 0 Rc-ij ^2hif^j}^ Ahij ^ 

23 

2RcijRcif^hji^p -^—R i^hijij Atvh Rcijhij^ p. 

oz 

In particular on standard we have 

(5.16) 

= -hij iA(p)^J - A pjLPij) - i {2h^jJ - (trh)^) (A(/?). - ^A [{2hijj - {trh)^) ip,] 

+2 (2hikjk - ^hij - {trh)-j^ p^j - ^hijPij - ^ {hij,j - Atrh - 2trh) Ap 

13 1 

-- {2hijj - (trh)^) Pi + ^ {hjkjk - Atrh - 2trh). p^ + - A {htjij - Atrh - 2trh) p 

4 4 o 

5 

-— {hijij - Atrh - 2trh) p. 
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